We perform heterodyned optical Kerr gated (HOKG) ballistic imaging of an object hidden behind a turbid medium using a femtosecond laser. The experimental results show that an optimum heterodyning angle should be selected to acquire the highest spatial resolution of the HOKG imaging system. The optimum heterodyning angle depends on the scattering parameters of the turbid media, and it decreases with increasing optical density or decreasing thickness of the turbid medium. 
Introduction
Ballistic imaging is an optical shadowgraphy technique that is used for improving the visualization of objects hidden in or behind highly turbid media. When an imaging beam transits highly turbid media, most of the beam's photons undergo multiple scattering interactions. These scattered photons follow a considerably more complex pathway in turbid media and seriously degrade the quality of an image in the form of imaging noise. Imagebearing photons consist of ballistic photons and a few slightly scattered snake photons, which go straight though the turbid media and take a shorter pathway than the scattered photons. This phenomenon underlies ballistic imaging, and in particular, the time-gated ballistic imaging technique using an ultrafast optical Kerr gate (OKG) serves as a critical tool to observe objects in highly turbid media [1] [2] [3] [4] . In the last few years, this technique has been employed for investigating the dynamics of spray breakup and vaporization in the near field of the liquid-fueled combustion of a high-speed rocket spray [5] [6] [7] .
In the OKG imaging system, the finite size of the gating beam actually acts as a transient virtual aperture in the Kerr medium for the imaging pulse. To improve the image contrast and signal-to-noise ratio of hidden objects in high turbid media, most OKG imaging systems use the "Kerr-Fourier" imaging configuration to eliminate the scattering photons because the scattering photons belong to the high-spatial-frequency components in the imaging system [4, 8, 9] . Unfortunately, some high-spatial-frequency components of the detected object were also filtered due to the transient virtual aperture, which leads to poor image sharpness and spatial resolution of the imaging system. Usually, the spatial resolution of the OKG imaging system can be improved by increasing size of the pump beam. However, when the laser power is limited, increasing the size of the pump beam will decrease the power density of the gating beam, which will decrease the imaging intensity and signal-to-noise ratio due to lower OKG transmittance. To avoid the loss of spatial-frequency components and improve the spatial resolution, a collinear, two-color OKG arrangement was proposed in the OKG imaging system [10] . Recently, we also proposed a heterodyned optical Kerr gate (HOKG) imaging method, in which, the spatial resolution of the images can be improved by utilizing a local oscillator signal that contains the high-spatial-frequency components of the object [11] . Moreover, the scattering photons could be effectively eliminated in accordance with the different temporal distribution characteristics of ballistic and scattered photons. Upon increasing the heterodyning angle, the local oscillator signal intensity increases and the sharpness of the image improves. However, a larger number of scattered photons are also introduced into the imaging system as background noise. Therefore, understanding the influence of the heterodyning angle on the imaging quality is important for ballistic imaging applications.
In this study, we investigated the optimum heterodyning angle of the HOKG imaging system. The optimum heterodyning angle for different scattering parameters of a given turbid medium was determined. Moreover, we investigated the dependence of the optimum heterodyning angle on the scattering parameters of the turbid media for HOKG imaging. The experimental results showed that the optimum heterodyning angle varied significantly with increasing optical density (OD) and thickness of the turbid medium.
Theory and experimental setup
For HOKG imaging, we assume that the probe beam is initially x-polarized in the spatial coordinate system. The analyzer is rotated slightly by a small angle θ from the y direction to create a local oscillator field sinθ(E b (t) + E s (t)). Here, E b (t) and E s (t) denotes the signal field amplitude of the ballistic and scattered photons of the imaging beam, respectively. According to the temporal distribution characteristics of ballistic and scattered photons [12, 13] , the original signal intensity for HOKG imaging is given as [14] [15] [16] [17] ( ) ( ) ( ) ( ) ( )
Here, E(t) denotes the conventional Kerr signal field amplitude, Re represents the real part of Kerr signal field, T corresponds to the duration of flight of the ballistic photons, and θ denotes the heterodyning angle.
In the Eq. (1), the first term represents the conventional OKG signal and the second term represents heterodyned signal. From the perspective of the imaging information of the object, the first term, which is affected by the transient virtual aperture, only contains the low-spatialfrequency components of the object. On the other hand, the ballistic light field E b (t) in the second term contains almost all the spatial frequency components of the object. Moreover, the second term is proportional to the product of the ballistic light field E b (t) and the conventional Kerr signal field E(t). Therefore, HOKG imaging can compensate for the high-spatialfrequency loss that occurs in conventional Kerr imaging. The third term represents the background noise signal ( 
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. We note that the heterodyned signal intensity increases with increase in the heterodyning angle θ. Since the heterodyned signal contains the high-spatial-frequency components of the object, we can expect the image sharpness to improve with increase in the heterodyning angle θ.
In our experiment, we used a Ti: sapphire laser system emitting 50-fs laser pulses centered at 800 nm at a repetition rate of 1 kHz. The output of the laser beam was split into two beams with central wavelengths of about 780 nm and 800 nm. After its transmission through a variable optical delay line, the 780-nm beam was focused onto an optical Kerr medium as the gating beam by a lens. A half-wave plate was introduced in the path of the gating beam to set the angle of the polarization between the pump and the probe beams to π/4 for maximum gating efficiency.
The 800-nm beam was transmitted through a turbid medium as the imaging beam, which was modulated by a resolution test pattern (United States Air Force contrast target) positioned before the turbid medium. Subsequently, the imaging beam was collected and transmitted through the HOKG setup that consisted of a pair of polarizers and a Kerr material between them. A 1-mm-thick tellurite glass was used as the Kerr medium and positioned at the back focal plane of a collecting lens. By adjusting the optical delay line, the HOKG was opened, and the imaging beam was captured by a CCD camera. The diameter of the gating beam in the Kerr medium was measured to be about 600 µm (intensity decay of 1/e 2 ) using a knifeedge method. The full width at half-maximum (FWHM) of the time-resolved optical Kerr signal was measured about 170 fs. In the experiment, the turbid medium samples comprised monodisperse suspensions of 15.0-μm polymethylmethacrylate (PMMA) microspheres, which were contained in a 1-cm-path-length sample cell. The OD of the turbid medium was measured to be about 9.0. Figure 1 shows the typical images for the resolution test pattern hidden behind the turbid medium under different conditions. As regards direct imaging, the image of the object was seriously degraded by scattered photons, as shown in Fig. 1(a) . As shown in Fig. 1(b) , when the heterodyning angle was set to be 0°, namely, as per the conventional OKG imaging arrangement, the boundaries of the shadowed and unshadowed regions were blurred. As mentioned above, this blurring is attributed to the transient virtual aperture induced by the gating beam in the Kerr material, which filters certain high-spatial-frequency components of the object. Because of the compensation of the high-spatial-frequency components of the object provided by the HOKG imaging system, the boundaries of the images can be more clearly identified in Figs. 1(c)-1(f) .
Experimental results and discussion
Moreover, the image sharpness improved when the heterodyning angle was increased from 2° to 4°, as can be observed from Figs. 1(c) and 1(d) . However, the image quality degraded gradually as the heterodyning angle was further increased from 4° to 8°, as can be observed in Figs. 1(d)-1(f) . This degradation can be explained as follows: From Eq. (1), we note that the heterodyned signal intensity, which contains the high-spatial-frequency components of the object, increases with increase in the heterodyning angle. However, the background noise signal also increases with increase in the heterodyning angle, corresponding to the third term of the Eq. (1). The signal-to-noise ratio (SNR) for HOKG imaging, which is defined as I signal /I background , consequently decreases with increase in the heterodyning angle. When the heterodyning angle was increased to 8°, the SNR measured for our HOKG imaging system nearly reduced to zero, as shown on the right of Fig. 1 . Hence, an optimum heterodyning angle should be chosen to ensure sufficient heterodyned signal intensity and to avoid extreme background noise. Since the performance of the imaging system can be quantitatively evaluated by the modulation transfer function (MTF), we further measured the MTFs for conventional OKG imaging and HOKG imaging at heterodyning angles of 2°, 4°, 6°, and 8°, which results are shown in Fig. 2 . For comparison, the MTF for conventional OKG imaging (i.e., the heterodyning angle of 0°) is also shown in Fig. 2. From Fig. 2 , we note that the spatial resolution of the HOKG imaging system increased from 2.2 line pairs per millimeter (lp/mm) to 6.4 lp/mm when the heterodyning angle increased from 0° to 4°. This is because the compensation of the high-spatial-frequency components provided by HOKG imaging of the object increased with increase in the heterodyning angle. However, when the heterodyning angle was further increased from 4° to 8°, the spatial resolution of the HOKG imaging system decreased from 6.4 lp/mm to 3.6 lp/mm due to decrease in the SNR of the imaging system. As a result, the HOKG imaging system's spatial resolution was the highest when the heterodyning angle was set to be 4°. This spatial resolution was 6.4 lp/mm, corresponding to a resolved object size of 78.8 μm. When compared with the HOKG imaging system, the spatial resolution of the conventional OKG imaging system was 2.2 lp/mm, which corresponds to a resolved object size of approximately 222.7 μm. The experimental results indicate that there is an optimum heterodyning angle with which the HOKG imaging system exhibits the highest spatial resolution. Previous studies have reported that with regard to light transmitted though turbid media, the proportion of the ballistic photons to scattered photons can be influenced by the scattering parameters [18, 19] , which can affect the performance of the HOKG imaging system. Thus, we further investigated the dependence of the optimum heterodyning angle on the scattering parameters of the turbid medium for HOKG imaging. Figure 3(a) shows the plot of the optimum heterodyning angle as a function of the OD of the turbid medium for HOKG imaging. The OD of the turbid medium was varied by adjusting the concentrations of the PMMA microsphere suspensions, and the OD value were measured using the collimated transmittance approach with a detection acceptance angle of 0.16°. As shown in Fig. 3(a) , the optimum heterodyning angle decreased from 8° to 3° when the OD increased from 6.0 to 10.0. With increase in OD, the background noise signal increased (as can be inferred from Eq. (1)), and as a result, the SNR for HOKG imaging decreased. In general, to obtain a high SNR for dense turbid media, the optimum heterodyning angle of the HOKG imaging system should be decreased. Furthermore, we measured the spatial resolutions of HOKG imaging at the optimum heterodyning angle for different ODs of 6.0, 7.0, 8.0, 9.0, and 10.0, which was about 12.7 lp/mm, 11.3 lp/mm, 10.1 lp/mm, 6.4 lp/mm, and 3.6 lp/mm, respectively. And the corresponding spatial resolution of conventional OKG imaging was about 2.5 lp/mm, 2.2 lp/mm, 2.5 lp/mm, 2.2 lp/mm, and 2.2 lp/mm, respectively. The optimum heterodyning angle decreased with increase in the OD of the turbid medium. Correspondingly, the compensation of the high-spatial-frequency components of the object also decreased, and as a result, the spatial resolution of the HOKG imaging system also decreased with increasing OD. Even so, the spatial resolutions obtained with HOKG imaging were still higher than those with conventional OKG imaging. For example, the spatial resolution of the HOKG imaging system decreased to about 3.6 lp/mm for an OD of 10.0, and the spatial resolution of the conventional OKG imaging system was about 2.2 lp/mm for the same OD. Figure 3(b) shows the plot of the optimum heterodyning angle as a function of the thickness of the turbid medium for HOKG imaging. The OD of the turbid medium was set to be 8.5 and the thickness of the turbid medium was varied from 0.5 cm to 10 cm in this experiment. From Fig. 3(b) , we note that the optimum heterodyning angle increased from 3° to 6° when the thickness of the turbid medium increased from 0.5 cm to 10 cm. Furthermore, we also measured the spatial resolutions of HOKG imaging at the optimum heterodyning angle for different thickness of 0.5 cm, 1 cm, 5 cm and 10 cm, which was about 3.2 lp/mm, 9.0 lp/mm, 10.1 lp/mm, and 11.3 lp/mm, respectively. And the corresponding spatial resolution of conventional OKG imaging was about 2.2 lp/mm, 2.5 lp/mm, 2.2 lp/mm, and 2.5 lp/mm, respectively. This is because the number of forward-scattered photons traveling through a thicker turbid medium is less than that through a thinner turbid medium at the same OD [18] . These forward-scattered photons are collected as background noise for HOKG imaging. In our study, when the thickness of the turbid medium increased, the background noise signal decreased and the SNR increased. Consequently, the optimum heterodyning angle of the HOKG imaging system for thicker turbid medium is expected to increase. Further, the compensation of the high-spatial-frequency components of the object increased correspondingly. Therefore, the spatial resolution of the HOKG imaging system increased with increasing thickness of the turbid medium, which was higher than that obtained with the conventional OKG imaging system for each case. In addition, we also compared the images using HOKG imaging of the tellurite glass with that of CS 2 , and the results are shown in Fig. 4 . The turbid medium sample was contained in a 1-cm-path-length sample cell. The OD of the turbid medium was measured to be about 8.5. Both of the optimum heterodyning angles were about 4°. From Fig. 4 , we can see that the sharpness of the image for the tellurite glass is higher than that for the CS 2 . And the spatial resolution using HOKG imaging of the tellurite glass and CS 2 was about 10.1 lp/mm and 3.2 lp/mm, respectively. This is because when the CS 2 was used as the Kerr medium, some forward-scattered photons cannot be effectively eliminated due to its longer gating time, which weakened the compensation of high-spatial-frequency components of the object.
Conclusions
In conclusion, we investigated the influence of the heterodyning angle on HOKG ballistic imaging. Our theoretical analyzing and experiments indicated that an optimum heterodyning angle should be chosen to obtain the best performance of the imaging system. Meanwhile, the scattering parameters of the turbid media also affect the selection of the optimum heterodyning angle. With increase in the OD, the optimum heterodyning angle needs to be significantly decreased in order to avoid increase in the background noise. In addition, when the thickness of the turbid medium increased for a fixed OD, the optimum heterodyning angle increased due to the decreased background noise signal. This research will be useful for ballistic imaging applications.
